Due to the absence of hadronization effects and the large m t mass, top quark decay will be uniquely sensitive to fundamental electroweak physics at the Tevatron, at the LHC, and at a future linear collider. A "complete measurement" of the four helicity amplitudes in t → W + b decay is possible by the combined use of Λ b and W polarimetry in stagetwo spin-correlation functions (S2SC). In this paper, the most general Lorentz-invariant decay density matrix is obtained for the decay sequence t → W + b where b → l −ν c and 
Introduction:
Assuming only W -polarimetry information [1] , in Ref. [2] we used the helicity formalism to derive stage-two spin-correlation functions for top quark decays. However, a complete determination of the decay amplitudes requires information from b-polarimetry, such as from Λ b decays. In this paper we accordingly generalize the earlier results to enable measurement of the relative phase of b L and b R amplitudes by Λ b polarimetry [3] [4] [5] [6] [7] [8] [9] [10] . The significant point [11] is that by this technique a "complete measurement" of the four helicity amplitudes A(λ W But, since m b = 0, there are 2 more amplitudes, so to achieve an "almost" complete measurement [2] , 3 additional quantities must be determined: e.g. r Fig. 1 for definition of these relative phases [12] . By a combined use of Λ b and W + polarimetry, it is possible to obtain this missing phase through a measurement of the interference between the b L and b R amplitudes in t → W + b with b → cl −ν where the b-quark is required to occur in a bound state in the Λ b mass region. For instance, the helicity parameters
appear in the stage-two spin-correlation distributions (S2SC), such as (56,59) below, and in singlesided sequential-decay distributions, such as (62). Primed helicity parameters depend on "sine" functions of the relative phases and so can be used to test forT F S -violation [2, 13] .
At present, the available experimental and theoretical information regarding future application of Λ b polarimetry is promising: The pre-measurement, heavy-quark-effective-theory predictions (HQET) [14] [15] [16] for Z o decays were < P Λ b >≈ −0.7 ± 0.1 with small QCD corrections. Initial LEP1 measurements in 1996-7 were significantly smaller but with large errors [ALEPH reported (−0.23 ± 0.25) [3] and DELPHI reported (−0.08 ± 0.39) [4] ]. The later OPAL result [5] of Throughout this S2SC analysis, we use the following notations: Per the A(λ W + , λ b ) amplitudes, lowercase "a" or "1" subscripts denote quantities describing the t-decay side, whereas per the use of B(λ W − , λb) amplitudes for the CP -conjugatet → W −b decay, lowercase "b" or "2" subscripts similarly denote quantities for thet-decay side. To be clear versus the notation for the fundamental t → W + b process, we will use "barred" accents for helicity parameters and other quantities describing the CP -conjugate sequential-decayt → W −b → (l We use hat accents to denote angles for b → l −ν c and for density matrices depending on b-polarimetry. For the second-stage of the CP -conjugate sequence we correspondingly use these "tilde" and "hat" accents. Invariance under any fundamental discrete symmetry such as CP , T , or CP T is not assumed in this analysis nor in the earlier papers because the framework is the helicity formalism. A brief introduction to this accent labeling can be obtained by inspection of the figures. We also use a slash notation for the "full" or double-sequential-decay density matrices which use both b-quark and W -polarimetry, e.g. (30).
Below, in Sec. 2, we construct the most general Lorentz-invariant decay density matrix for the decay sequence t → W + b where b → l −ν c and also
The corresponding quantities are also obtained for the CP -conjugate sequential-decay. For it and associated
with Fig. 2 , we list explicitly the "barred" formulas for its helicity parameters and relative phases.
Simple CP tests were treated in [2] . In Sec. 3, we then generalize the derivation of the earlier stage-two spin-correlation functions in the case of both W -polarimetry and b-polarimetry. We similarly generalize the single-sided sequential-decay distributions.
In Sec. 4, the b-polarimetry helicity parameters ǫ − , κ 1 involving the L-handed b-quark amplitude A(−1, −1/2) are considered in detail regarding tests for single-additional Lorentz-invariant couplings. We also consider the analogous "primed parameters" regarding signatures forT F Sviolation. Those involving A(0, −1/2) were treated in [12, 13] . In the SM and at the (S + P ) and (f M + f E ) ambiguous moduli points, the values of the four b-polarimetry interference parameters ǫ ± , κ o,1 are small∼ 1%. However at low-effective mass scales (< 320GeV ), the values of these parameters can be large, 0.1 to 0.4 versus their unitarity limit of 0.5, for single-additional Lorentz structures having sizable R-handed b-quark amplitudes, c.f. Figs. 9-10 below and Figs. 8-9 in [12] .
In the near future, Λ b polarimetry could be used in top quark spin-correlation analyses at the Tevatron, at the LHC, and at a future linear collider [18] . If the heavy-quark-effective theory prediction is correct, then depending on the dynamics occurring in top quark decay and on good detector/accelerator polarimetry capabilities, we think that Λ b polarimetry could be a very important technique in studying fundamental electroweak physics through top quark decay processes.
2 Use of Λ b Polarimetry in Sequential-Decay
Density Matrices
In order to include b-polarimetry, we generalize the derivation of state-two-spin-correlation functions given in [2] .
In the t rest frame, the matrix element for
where µ = λ W + − λ b in terms of the W + and b-quark helicities. The asterisk denotes complex conjugation. The final W + momentum is in the θ t 1 , φ t 1 direction and the b-quark momentum is in the opposite direction. λ 1 gives the t-quark's spin component quantized along the z t 1 axis in Fig. 3 . So, upon a boost back to the (tt) center-of-mass frame, or on to thet rest frame, λ 1 also specifies the helicity of the t-quark. For the CP -conjugate process,t → W −b , in thet rest frame
withμ = λ W − − λb and by the analogous argument λ 2 is thet helicity.
To use Λ b -polarimetry in the S2SC functions, we consider the decay sequence t → W + b followed 
In Fig. 4 , the angles θ a and φ a describe the l − momentum in the "second stage" b → l −ν X when the boost is from the t 1 rest frame. In Fig. 5 the spherical angles θ b , φ b similarly specify the l + momentum in theb rest frame when the boost is from thet 2 rest frame.
As shown in Fig. 6 , when the boost to these b andb rest frames is directly from the (tt) cm center-of-mass frame, we use respectively the subscripts "1, 2" in place of the subscripts "a, b".
Physically these angles, θ a , φ a and θ 1 , φ 1 , are simply related by a Wigner-rotation, see below following (58). For the CP -conjugate mode, one only needs to change the subscripts a → b, 1 → 2.
For W -polarimetry, we proceed as in [2] and use the angles shown in Figs. 7 and 8. In Fig.   7 , the angles θ t 1 , φ t 1 and θ a , φ a describe the respective stages in the sequential decay t → W + b
For the hadronic W + decay mode, we use the notation that the momentum of the charge amplitude "c" in this matrix element is then independent of the helicities, we will usually suppress it in the following formulas since it only effects the overall normalization. We will use below
Sequential-decay density matrices
Case: Only b-quark polarimetry:
The decay density matrix for the first stage of the decay sequence when the W helicities are summed over iŝ
where
Similarly for the second stage of the decay sequence, the decay density matrix is [ c.f. Eqs. (3) (4) (5) (6) (7) (8) (9) in [17] ]ρ
As discussed in the Appendix, the two R
factors can be expressed in terms of formulas for the final lepton energy spectra [17] in the b → l − νc decay in the Λ b mass region. Different methods to determine the Λ b polarization have been investigated and used for Λ b 's arising from Z o decays. These include spectra measures such as < E l > / < Eν > and < E n l > / < E n ν > [3] [4] [5] [6] [8] [9] [10] , and spin-momentum correlation measures [10] .
When the finalν angles-and-energy-distribution are used, the Λ b polarimetry signatures in all the elements of the composite decay density matrix R of (13), and similarly for R of (32), will not be suppressed by the ratio
2 since the |R − | 2 term then vanishes, see the Appendix.
Thereby, |R + | 2 can be completely factored out of R and R. For the CP -conjugate mode when the final ν angles-and-energy-distribution are used, the analogous suppression factor is absent in all the elements of R of (14), and of R of (45) Using (4) and (6), we define the composite decay density matrix for
where the summation is understood to be over
. This gives
In later equations, we will often use the simplifying notation that
The two diagonal elements of the matrix R λ 1 λ
, are purely real. They can be written in terms of the angles in Fig. 4 and in terms of the helicity parameters defined in [2, 12, 13] .
where Γ = Γ
T is the partial width for t → W + b. The two off-diagonal elements are (read "upper"/"lower" lines)
with the complex-valued
and ( r −+ ) * = r +− . Throughout this paper the symbol i ≡ √ −1. Thus we have
CP -conjugate decay sequence: Onlyb-quark polarimetry:
where ( r −+ ) * = r +− and
Here we are using the above mentioned "bar" notation for the CP conjugate quantities such as the partial width Γ = Γ
This relationship is useful for constructing "substitution rules" for transcribing to the CP conjugate quantities. The results, e.g. the composite decay-density matrices, do not themselves assume CP and so the S2SC functions, etc. can be used to test for whether CP holds or not.
The helicity parameters for the CP conjugate mode,
This means that
The W − polarimetry interference parameters are given by
, the relative phases are
We suppress the "R/L" superscript for
when it is not needed.
The b-polarimetry helicity parameters for the CP conjugate decay then are
In the S2SC distributions and in the single-sided sequential-decay distributions, sometimes their linear-combinations
and the corresponding primed linear-combinations occur, see (59-67). Simple CP tests were treated in [2] .
Case: Both b-quark polarimetry and W -polarimetry:
We now consider both branches in the decay sequence t → W + b so b → l −ν c and also
We define the "full" or double-sequential-decay density matrix for
where the summations are over
and the W + helicities µ 1 , µ ′ 1 = ±1, 0. For the "full" quantities we use a "slash" notation. Note that all possible
This gives the "full master-equation"
It can be expressed in terms of the previously defined helicity parameters. In matrix form the result is
where ( r −+ ) * = r +− . The elements of this matrix are each conveniently written as the sum of three contributions:
where the first R W is proportional to Eq.(12) in [2] which only makes use of W -polarimetry information, the second R c is proportional to the b-polarimetry "cos θ a ", and the third R s is proportional to the b-polarimetry "sin θ a ".
The three contributions to the diagonal elements are:
where R ±± is Eq.(13) in [2] . The second term in (33) is
with a superscript-tagging per the l − tag of the decaying b-quark. Equivalently,
The third term in (33) is the parameters κ o,1 do appear, but δ and ǫ do not. This is expected since the latter two helicity parameters only occur due to b-W -interference.
The three contributions to the off-diagonal elements are:
where r +− is Eq. (14) in [2] . The second contribution is
and the third contribution is
Here also, δ, ǫ, κ o,1 and δ ′ , ǫ ′ , κ In summary, the sin θ a dependence of the "s" superscript terms in R of (32) must be used in order to measure the eight b-polarimetry helicity parameters.
CP-conjugate process: Bothb-quark polarimetry and W -polarimetry:
For both branches in the CP -conjugate decay sequence
, we define the "full" sequential-decay density matrix by
and the W − helicities µ 2 , µ ′ 2 = ±1, 0. This gives the "full master-equation"
It can be expressed in terms of the previously defined "barred" helicity parameters. The result is
where ( r −+ ) * = r +− , and
where R W is proportional to Eq.(17) in [2] , R c is proportional to the b-polarimetry "cos θ b ", and R s is proportional to the b-polarimetry "sin θ b ".
The diagonal elements are:
where R ±± is Eq.(18) in [2] ,
with a superscript-tagging per the l + tag of the decaying b-quark, or
and
The off-diagonal elements are:
where r +− is Eq.(19) in [2] ,
The sin θ b dependence of the "s" superscript terms in R of (45) must be used in order to measure the eightb-polarimetry helicity parameters.
Stage-Two Spin-Correlation Functions
Including b-Polarimetry
We include both branches in the decay sequence t → W + b so b → l −ν c and also
We also include both branches for the CP-conjugate sequence.
The full S2SC function:
The complete S2SC function is relatively simple in structure even though it depends on "5+4+4" 
The "slashed" composite density matrix elements have been discussed above. The production density matrix elements are given in [2, 21] .
The production density matrices ρ prod in (56) depend on the angles Θ B , Φ B which give [19, 20, 2] the direction of the incident parton beam, i.e. the quark's momentum or the gluon's momentum, arising from the incident p in the pp, or pp, → ttX production process:
The important angle between the t andt decay planes is
The other angles have been discussed previously in consideration of the earlier figures in this paper. In the (tt) cm system where θ t is the angle between the t-quark momentum and the incident parton-beam this simplifies to
which depends on only the diagonal elements of the "full" sequential-decay density matrices R ±± and R ±± given respectively in (32) and (45). Note that R ±± depends on (i) all 8 of the Wpolarimetry helicity parameters [ the partial-width Γ, the probablility that the emitted W is
(1 + σ), the probability that the emitted b-quark is L-handed
, and η L,R ′ ] see [2] , and it also depends on (ii) all 8 of the new b-polarimetry
Remark: Use of Alternative-Angles: The alternative-angle-labeling of the final l ∓ as shown in Fig. 6 can be a significant issue in some circumstances, see [2, 19] and references therein.
These angles occur when the boosts to the b andb rest frames are directly from the (tt) cm frame.
Recall that this same choice arises for the labeling of the W ± decays, see Fig. 4 in [2] . At a hadron collider, this alternative-angle-labeling would be useful when both W ± decay into hadrons. The necessary Wigner-rotation for Fig. 6 is exactly analogous to that given in [2] in (74,75) with respect to Fig.4 therein. For the t-decay-side, the explicit "transformation-equations" (involving In the derivation of S2SC distributions and of single-sided distributions, some care is needed as to at what step to use the explicit "transformation-equations" to the alternative-angles, see [19] .
Second, the sensitivity in regard to the measurement of a specific helicity parameter can vary significantly depending on which minimum variable choice is made. For instance at an e + e − collider, integrations over some of the θ 1,2 , φ 1,2 -type variables (which follow after using the "transformationequations") can yield minimum-variable-distributions which are significantly more sensitive to some parameters than are the analogous same-number-of-variable distributions in which the integrations are performed on the analogous θ a,b , φ a,b -type variables, see [2, 19] .
A simple two-sided b-W spin-correlation function:
After integrating out the polar angles describing the second-stage branches, θ a , θ a ; θ b , θ b , we obtain
The production density matrix elements are given in [2] .
The integrated composite decay density matrix elements are found to be:
, φ a , φ a ) which depends on the t-quark polar angle and the two second-stage azimuthal angles
which depends on the t-quark polar angle and the two second-stage azimuthal angles
It is important to note that the helicity parameters discussed in the following section of this paper appear in the above two density matrices. The density matrix ρ ±± (θ t 1 , φ a , φ a ) depends on (i) 3 of the helicity parameters measurable [2] with only W -polarimetry: ζ, η and theT F Sviolating ω ′ parameter which is zero in the SM, and on (ii) 8 b-polarimetry helicity parameters: 
Simple single-sided b-W distributions:
Three simple single-sided distributions for
, are the following:
Note that this distribution depends on (i) the W -polarimetry parameters σ, ξ, ζ of [2] and on (ii) the b-polarimetry parameters δ ≡ ǫ + + ǫ − , ǫ ≡ ǫ + − ǫ − and on δ ′ , ǫ ′ , see Fig. 1 .
By integrating out " cos θ a ", we obtain
which displays the difference between ǫ, ǫ ′ and δ, δ ′ in the cos θ a dependence. Next, by also integrating out " cos θ a ",
which only depends on δ and δ ′ .
For the CP -conjugate sequential-
bution analogous to (62) is:
where n b is Eq. (20) (21) in [2] , n ) were considered in [12] . Plots for these parameters were given therein for the case of a single-additional, real coupling g i . For the other L-handed b-quark amplitude, A(−1, −
), the two analogous helicity parameters are
where Fig. 1 .
In the SM, the two O(LR) helicity parameters which are between the amplitudes with the largest moduli product are ǫ + and κ 1 , which respective depend on A(0, − Table 1 , the tree-level values of the four b-interference parameters are only about 1% in the SM, and also at the (S + P ) and (f M + f E ) ambiguous moduli points [12] .
Case: "(V-A) + Single Additional Lorentz Structure"
Some single-additional Lorentz structures can produce sizable effects in these four b-interference parameters: In [12] , this was shown to occur in ǫ + for additional non-chiral V, f M or A, f E cou-plings, and for the chiral combinations V + A, f M − f E in Figs. 9, and in κ o for additional V, S, f M or A, P, f E couplings, and for V + A, S − P, f M − f E in Figs. 10.
In the present paper, analogous plots are given for the b-interference parameters involving the
) amplitude. In Fig. 9 are plots of the b-polarimetry interference parameter ǫ − versus η L for the case of a single-additional, real coupling. By W -polarimetry, the η L parameter can be measured since
where An additional S − P coupling effects significantly only κ o and ǫ − . In the non-chiral case, an additional S or P coupling effects significantly only κ o and ǫ − . As in [12] , the "oval shapes" of the curves in Figs. 9 and 10 as the coupling strength varies is due to the non-zero value of the m b mass, m b = 4.5GeV .
Case: ExplicitT F S Violation from a Single-Additional Lorentz Structure
By "explicitT F S violation", we mean an additional complex-coupling, g i /2Λ i or g i , associated
with a specific single-additional Lorentz structure, i = S, P, S ± P, . . .. For a single-additional gauge-type coupling V, A, or V +A, there is not a significant signature in η L ′ due to the T -violation "masking mechanism" associated with gauge-type couplings [2] . For example: for an additional
In [13] , we considered the effects on the ǫ + ′ and κ o ′ helicity parameters of pure-imaginary couplings. These two parameters involve
) amplitude. Here we consider the analogous effects on ǫ − ′ and κ 1 ′ which involve the
However, as in [13] , there are large indirect effects on other helicity parameters in the case of explicitT F S -violation due to a single-additional pure-imaginary coupling. Therefore, while the following plots do show that sizableT F S -violation signatures can occur due to pure-imaginary additional couplings, such additional couplings can usually be more simply excluded by 10% precision measurement of the probabilities P (W L ) and P (b L ), and of the W -polarimetry interference parameters η and ω.
Figs. 11 and 12 display plots of the b-polarimetry interference parameters ǫ − ′ and κ 1 ′ versus the coupling strength for the case of a single-additional, pure-imaginary coupling. These helicity parameters are defined by
The "cosine's" of γ − and α 1 occurred above in (68).
In 
Concluding Remarks
The implications and directions for further development of many of the results in this paper will have to deduced as data accumulates from model-independent top quark spin-correlation analyses. However, even if the standard model predictions are correct to better than the 10% level, top quark decay will still be uniquely sensitive to "new" short-distance physics at nearbybut-not-yet-explored distance scales because of the absence of hadronization effects and the large m t mass.
(1) From analyses only using W -polarimetry, it will important to ascertain the magnitude of the two R-handed b-quark amplitudes for t → W + b. If these are indeed 30 to 100 times smaller than the L-handed b-quark amplitudes as occurs in the SM and occurs at the (S + P ) and (f M + f E ) ambiguous moduli points, then the data should show that [P (
(1 + 2σ − ξ)] ≃ ζ, and that ω ≃ η. Consequently, the b-polarimetry interference parameters ǫ ± , κ o,1 , and their primed analogues, must be small versus their unitarity limit of 0.5. In the SM and for the very interesting (f M + f E ) dynamical ambiguity helicity-parameter figures in this paper and in [13] . These issues are briefly discussed in the "remarks" following (58) and (67). The single-sided
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where 
Theν (or ν) angle-energy-spectra is very useful in Λ b polarimetry methods, see [3] [4] [5] [6] [8] [9] [10] and remarks above in paragraph after (6) . Only simple changes are needed in the present formalism to useν (or ν) angles-and-energy variables: For describing b → l − νc, the angles ϕ ′ a , θ ′ a can be used to label the anti-neutrino momentum direction in place of the l − angles ϕ a , θ a . This is only a matter of adding "primes" to these angles in the various expressions. In place of (6) one haŝ
where V (y ν ) = −U(y ν ) and
with y ν = 2E ν /m b . Therefore, in the expressions in the text, when theν variables are used, |R + | 2 of (9) is replaced by 2U(y ν ) and |R − | 2 is set equal to zero. This vanishing is occurring because in
is the eigenvalue of J· p ν where J is the angular momentum operator. Therefore, for m ν = 0 , the final ν is purely R-handed so N b − 2 = 0. See paragraph after (5) in [17] .
Similarly for the neutrino in b → l + νc : In place of the angles ϕ b , θ b , the angles ϕ
be used to label the neutrino momentum direction. Then in place of (75) one haŝ 
